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INDEPENDENCE AND ALPERN MULTITOWERS
JAMES T. CAMPBELL, RANDALL MCCUTCHEON, AND ALISTAIR WINDSOR
Abstract. Let T be any invertible, ergodic, aperiodic measure-preserving
transformation of a Lebesgue probability space (X,B, µ), and P any
finite measurable partition of X. We show that a (finite) Alpern multi-
tower may always be constructed whose base is independent of P.
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There are two well-known theorems in measurable ergodic theory which
provide stronger versions of the classical Kakutani-Rokhlin tower construc-
tion:
(1) In any suitable system, given a finite measurable partition of the
underlying space, there exists a Kakutani-Rokhlin tower whose levels
are independent of the partition.
(2) In any suitable system, there exists an Alpern tower (see the para-
graph just below the statement of Theorem 1).
The result described in (1) was used most famously in the proof by Orn-
stein of his Isomorphism Theorem for Bernoulli shifts ([Orn70]), and has
proven useful to others over time (see [Kor04] for a broader discussion).
The Alpern tower result has also been extensively applied ([EP97] has a
brief overview, see [Kal12] for a more recent application), and has been
shown to be an equivalent form of two other important results in ergodic
theory ([AP08]).
Our colleague Steven Kalikow expressed the thought that it would be rea-
sonable to hope that someone could combine the two and get even stronger
results. In this short note we accomplish the first of these goals by proving
the following result:
Theorem 1. Given an invertible ergodic aperiodic measure-preserving trans-
formation T of a Lebesgue probability space (X,B, µ), a finite measurable
partition P = {P1, P2, . . . , Pr} of X, relatively prime n1, . . . , nt ∈ N, and
positive real numbers x1, . . . , xt satisfying
∑t
i=1 xini = 1, there exist mea-
surable sets Bi, 1 ≤ i ≤ n, such that
(1) µ(Bi) = xi,
(2) {T jBi : 1 ≤ i ≤ t, 0 ≤ j < ni} partitions X, and
(3) Bi is independent of P, 1 ≤ i ≤ t. 
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The novelty here is (3), independence of the base from the given partition
P. The main result by Alpern in [Alp79] (Corollary 2) is that under the
hypothesis of Theorem 1 (sans P, which plays no role in Alpern’s theorem),
conclusions (1) and (2) hold. In fact he does not require T to be ergodic,
only aperiodic. It is fairly clear (using the ergodic decomposition) that
our result will also hold for aperiodic invertible m.p.t.’s, but the technical
steps to show this (regarding questions of measurability) would dilute the
efficiency of this note, so we do not include them.
The collection {T jBi : 1 ≤ i ≤ t, 0 ≤ j < ni} is what we earlier referred
to as an Alpern tower. Alpern also proved ([Alp81]) a denumerable version
of his tower theorem, namely, that the collection {Bi} in Theorem 1 may be
denumerable, as long as the heights {ni} form a relatively prime set. This
result is known asMRT, the Multiple Rokhlin Tower decomposition. Sahin
([Sah09]) proved a generalization of MRT for Zd actions.
At this point we do not know if Theorem 1 can be extended to either of
these more general settings.
Theorem 1 will be derived from the following special case, proved in
[CCK+15]:
Theorem 2. Let (X,B, µ) be a Lebesgue probability space and P a finite
measurable partition of X. For any ergodic aperiodic invertible measure-
preserving transformation T of X and N ∈ N, there exists a Rokhlin tower
of height N with base B and error set E (i.e. {B,TB, T 2B, . . . , TN−1B,E}
partitions X) with T (E) ⊂ B and B independent of the partition P. 
The special case of a Rokhlin tower of height N with base B and error
set E with T (E) ⊂ B is often referred to as an Alpern tower of height
N . There is another way to visualize such a tower which will be helpful in
understanding the proof of Theorem 1, as follows.
Definition 3. By a tower over B we will mean a set B ⊂ X, called the
base, and a countable partition B = B1 ∪ B2 ∪ · · · , together with their
images T iBj, 0 ≤ i < j, such that the family {T
iBj : 0 ≤ i < j} consists of
pairwise disjoint sets. If this family partitions X, we will say that the tower
is exhaustive.
Some of the Bi could be empty, in which case we discard them. If a tower
over B is exhaustive and B = BN ∪ BN+1, then {B,TB, . . . , T
N−1B,E =
TNBN+1} partitions X, and it must be the case (by invertiblity) that
T (E) ⊂ B. Hence, one may visualize an Alpern tower of height N as two
columns, one sitting over BN of height N , one sitting over BN+1 of height
N + 1, with E = TN (BN+1). Since T is measure-preserving and invertible,
and T (E) ⊂ B, we must have T−1E = TN−1BN+1, T
−2E = TN−2BN+1,
etc.. This structure is used explicitly in the proof of Theorem 1, in particular
at Observation 1.
It was remarked in [CCK+15] that the proof of Theorem 2 shows that
the error set E can be taken as small as desired. We give a short proof here
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as part of the following Corollary, which also shows that in fact much more
than the base of the tower may be taken to be independent of the partition.
Corollary 4. In the conclusion of Theorem 2 one may require that µ(E) is
as small as desired and that all of the sets
(1) T jE, for −N ≤ j ≤ 0, and
(2) T jB, for 0 ≤ j < N
are independent of the partition P.
Proof of Corollary 4. We first prove that the two families of sets may be
taken to be independent of the partition P. Let Q =
∨N
i=−N+1 T
iP and
let, by Theorem 2, B be the base of a Rokhlin tower of height N with
an error set E satisfying TE ⊂ B and B is independent of Q. For 0 ≤
j < N we have T jB is independent of T jQ and, hence, of the coarser
partition
∨N
i=0 T
iP. Since {B,TB, T 2B, . . . , TN−1B,E} partitions X this
implies that E is independent of
∨N
i=0 T
iP. In particular, for −N ≤ j ≤ 0
we have that T jE is independent of the partition P .
Now we prove that for any ǫ > 0 we may take µ(E) < ǫ in the conclusion
of Theorem 2. Chose k ∈ N such that 1
kN
< ǫ. Now we construct a tower of
height kN with base B′ such that, for 0 ≤ j < kN , T jB′ is independent of
P. We are given T (E) ⊂ B′ so in particular µ(E) < 1
kN
. Now define
B = ∪k−1i=0 T
iNB′.
By construction B is again independent of P.

We can now use Corollary 4 to prove Theorem 1.
Proof of Theorem 1. Since n1, . . . , nt are relatively prime we may choose
z1, . . . , zt ∈ Z such that
∑
i zini = 1. Choose L > max{|zi| : 1 ≤ i ≤ t} such
that L is divisible by each ni and let N = L(n1 + n2 + · · · + nt). Then
N + 1 =
t∑
i=1
ni
(
zi + L
)
where each zi + L ∈ N by our choice of L.
Choose by Corollary 4 a measurable base B and error set E, with
(1) µ(E) <
min{xi : 1 ≤ i ≤ t}
N + 1
such that {B,TB, T 2B, . . . , TN−1B,E} partitions X, TE ⊂ B and such
that both
(1) T jE for −N ≤ j ≤ 0, and
(2) T jB, for 0 ≤ j < N ,
are independent of the partition P.
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Observation 1: As a consequence of TE ⊂ B we have T−1E ⊂ TN−1B
and as a result T−NE ⊂ B. We may thus partition B = B′ ∪ B′′ where
B′ = T−NE and B′′ = B \B′. There is a tower of height N + 1 over B′
B′ = T−NE, TB′ = T−N+1E, . . . , TN−1B′ = T−1E, TNB′ = E
and from Corollary 4 each rung of the tower is independent of P . Similarly,
there is a tower of height N over B′′
B′′ = B \B′, TB′′ = TB \ TB′, . . . , TN−1B′′ = TN−1B \ TN−1B′
and, since from Corollary 4 both T jB and T jB′ are independent of P, we
have that each rung of the tower is independent of P.
We partition (working our way up from the bottom) the tower of height
N + 1 over B′ so that for each 1 ≤ i ≤ t there are (zi + L) towers of height
ni each consisting of rungs of the original tower. Let B
′
i be the union of the
bases of the zi + L towers of height ni.
The idea here is that each B′i will be a portion of the Bi we seek; we
remark that because each rung of the tower of height N + 1 over B′ is
independent of P, and each B′i is a union of some of these, each set B
′
i is
independent of P. Moreover, {T jB′i : 1 ≤ i ≤ t, 0 ≤ j < ni} partitions the
tower of height N + 1 over B′ and
µ(B′i) = (zi + L)µ(E) < xi, 1 ≤ i ≤ t,
by (1).
We next turn to the tower of height N over B′′. For w ∈ PN , a word of
length N whose letters are cells of P, define
C(w) = {x ∈ B′′ : T j−1x ∈ wj for 1 ≤ j ≤ N}.
For each w ∈ PN further partition C(w) into pieces C
(w)
i , 1 ≤ i ≤ t, such
that µ(C
(w)
i ) = riµ(C
(w)), where
ri =
ni
(
xi − µ(B
′
i)
)
Nµ(B′′)
.
One notes that the ri sum to 1.
Let Ci =
⋃
w∈PN C
(w)
i . We have C1, . . . , Ct partitions B
′′. Since every
rung of the tower of height N over B′′ is independent of P and Ci contains
an equal proportion of every C(w), every rung of the N tower over Ci is
independent of P as well.
Next partition, again working from the bottom up, the tower over Ci of
height N into N/ni towers of height ni, 1 ≤ i ≤ t. Let B
′′
i be the union of
the bases of these towers of height ni. Then {T
jB′′i : 1 ≤ i ≤ t, 0 ≤ j < ni}
partitions the tower over B′′ of height N , so if we let Bi = B
′
i∪B
′′
i then, since
as noted earlier {T jB′i : 1 ≤ i ≤ t, 0 ≤ j < ni} partitions the (N + 1) tower
over B′, (ii) is satisfied. Moreover, each B′′i is a union of rungs independent
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of P, and hence is itself independent of P. Therefore, since as noted earlier
B′j is independent of P, (iii) is satisfied. Finally
µ(B′′i ) =
Nµ(Ci)
ni
=
Nriµ(B
′′
i )
ni
= xi − µ(B
′
i)
so that
µ(Bi) = µ(B
′
i) + µ(B
′′
i ) = xi
as required.

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